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FOREWORD 

I This report was prepared by personnel of the Stochastic Processes and 

Operations Research Unit of the Rocketdyne Research Department under 

Contrect NAS 8-11061, "A Study of Methods for the Design and Analysis 

of Sensitivity Experinents", for the George C. Marshall Space Flight 

Center of the National Aeronautics and Space Administration. 

was administered under the technical direction of the Propulsion and 

Vehicle Sngineering Division, Engineering Materials Branch o 

The work 

c. X G A ~ ~ ~ I  SFEiC3 Fl$&! t  Center W i t h  k"+ ZCh2 B+ Cnlr1P --.I -- e C t i ! l e  

msnager. 

ABSTRACT 

This report summarizes work done under Contract NAS 8-11061 during the 

period 1 April 1964 to 30 June 1964. Included are discussions of recent 

work on the laboratory and literature surveys, deaign of experiment for 

the safety problem, coding of the simulation Frogram, maximum likelihood 

estimates of partially ordered response probabilities, and simultaneous 
/ 

maximum likelihood estimates of location parameters for several sets of 

sesnitivity data. 
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SUMMARY 

An algorithm has been found for computing maximum likelihood estimates 

of the response function in multivariate sensitivity experiments when 

monotonicity of the response function is hypothesized. 

A program has been written to compute simultaneous maximum likelihood 

estimates of location parameters under the hypothesis that several re- 

sponse functions are non-decreasing and identical except for location, 

but otherwise unspecified. 

The safety problem for a cumulative normal response function and a 

(locally) exponential stress density has been shown to Pequire an experi- 

mental design which is asymptotic to that required for an associated 

inverse response Troblem. 

concerning the inverse response problem for a normal cdf response function 

ha8 been independently derived. 

In this connection a result of Chernoff 

Work has continued on the literature and leboratoxy surveys and on the 

program for simulating senoitivity experiments. 

R-5523-2 1 
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LABOi3ATORY SURVEY 

A report on the trip to the Washington area has been published (Ref. 1). 

Conclusions about the nature of sensitivity expsriments derived from 

this trip (Ref. 2, p. 3)  have been used to reorganize our efforts on this 

cantract. A visit to Aerojet - Sacramento and UTC - Sunnyvale in July or 
August will conclude the travel required by the program. 

table indicates the present status of the laboratory survey. 

The following 

Nae of Organization Administrhtor Handling --. visit or Caii 

Allegheny Ballistic 14r. Robert H. Richardson, 
Laboratory, Rocket Supervisor, Sensitivity 
Center, Group, Process Research 
West Virginia Dept., Research Division 

Bureau of Mines Mr, Norm E. Hanna, 
4800 Forbes Avenue 
Pittsburgh 13, Pa. 

Explosives Research Center 

Aerojet-General Mr. Todorov 
Sacramento, Calif. Dept. 4940 

Aerojet-General Elr. Donald E. Hartvigsen 
Downey, Calif. 

Battelle Memorial Mr. Arthlrr Levy, 
Institute, Physical Chemistry Section 
Columbus, Ohio 

Franklin Institute Mr, C. T. Davey 
Laboratories for Applied Physics Laboratory 
Research & Development, 
20th Yt. Parkway, 
Philadelphia 3, Pa. 

Status 

visited 
2 April 1964 

visited 
23 March 1964 

visit to be 
arranged 

mailed us meth- 
ods of analysis 
23 Dec. 1963 

no visit 
planned 

visited 
26 March 1964 

R-5523-2 2 
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Name of Organization 

A i r  Reduction Co. 
Murray H i l l ,  New Jersey 

Rohm and Haas 
Huntsvil le,  Alabama 

Douglas Aircraft Corp., 
Santa Monica, Calif. 

E. I. I)u Pont C e  
Nemours & Co. 
Wilmington 98, Delaware 

Naval Ordnance 
T e s t  S ta t ion ,  
China Lake, Calif. 

Naval Ordnance 
Laboratory, White Oak, 
S i l v e r  Spring, Md. 

Jet Propulsion Lab., 
4800 Oak Grove Drive, 
Pasadena, Cal i f .  

Naval Veapons Lab. 
Dahlgren, Virginia 

U. S. Naval Propel lant  
P lan t  
Indian Head, Md. 

Thiokol Chemical Corp. 
Brigham City,  Utah 

Picat inny Arsenal 
Dover, New Jersey 

Administrator HandlinA S ta tus  
V i s i t  o r  Call 

Mr. Edson no v i s i t  
planned 

D r .  Frederic A. Johnson, v i s i t e d  
Analytical Chemistry Group 
Redstone Arsenal Research Div. 

26 February 1964 

Mr. Andrsw Economos w i l l  send us  
bibliography and 
procedures 

D r .  Wendell Jackson, no v i s i t  
Assistant Mmager, Research planned 
Explosives Dept. 

Nr. Jack Pakulak, 
Product Evaluation 
Branch 4532 

D r .  Carl Boyars, 
Group WP 

v i s i t e d  
9 January 1964 

v i s i t e d  
31 March 1964 

D r .  Harold E. Marsh, Jr., mailed pro- 
cedures and Research Group Supervisor 

Sol id  Propellant Engineering sample data  
13 Janumy 1964 

Kr. Frank W. Kasdorf, v i s i t e d  
Head, Terminal Ef fec ts  Div. 1 April 1964 

D r .  Charles Dale, v i s i t e d  
Explosive Safety Research 
Branch 

30 March 1964 

Explosive Safety Branch 
Wasatch Division 

no contact y e t  

v i s i t e d  
25 March 1964 

D r .  Harold J. Matsuguma, 
Chief, Explosives Laboratory 

R-5523-2 3 
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Status N m e  of Organization A- 
Visit or Call 

Frankford Arsenal Mr. Thomas Cicone, 
Philadelphia 37, Pa. Chief, Combustion and 

Detonation Section 

will mail infor- 
mation on request 
to Commanding 
Officer 

Ballistic Research Labs. M r .  0. P. Bruno, visited 
27 March 1964 Aberdeen Proving 

Grounds, Md. 
Chief, Surveillance Group 

Stanford Research 
Institute 
Henlo Park, Calif. 

Mr. Lionel Dickenson no visit 
planned 

Lockheed Propulsion Co. 
Box 111 
Bedlands, Calif. 

Mr. A. T. Camp, 
Ziractor, Propellant 
Development Div. 

mailed pro- 

5 February 1964 
cedures 

United Technology Corp. 
Sunnyvale, Calif . Dr. Bernard L. Iwanciow, 

Ballistics Section, Research 
& Advanced Technology Dept. 

visit to be 
arranged 

visited 
9 Warch 1964 

Aeronutronic 
Newport Beach, Calif. 

Mr. H. J. Langlie, 
Manager, Reliability Dept. 

Dr. C. W. Scully, and 
Mr. Alfred African0 

visited 
9 March 1964 

Space and Information 
Systems Div., North 
American Aviation, Inc. 

Dr. Churchill Eisenhart, 
Code 154 

telephoned 
30 March 1964 

Natioul Bureau of 
Standards , 
Yashington, D. C. 

Dr. R. Keith Zeigler, T1 
Statistical Section 

Loa Alamoa Scientific 
Laboratory, 
Los Alamoa, New Mexico 

telephoned 

Harvard University 
Cambridge, Mass. 

Profeesor Cochran, 
Statistics Department 

no contact yet 

UCLA 
Loa Bngeles, Calif. 

Prof. W. J. Dixon indirect 
contact 

4 R-5523-2 
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Nane of Organization 

Lawrence Radiation Lab. 
Livermore, Calif. 

Armour Research 
Foundation, I l l i n o i s  
I n s t i t u t e  of Technology 

Administrator Handling 
V i s i t  or Call 

D r .  S. Dorough, 
Chemistry Division 

T. A. Erikson, o r  
E. L. Grove 

S ta tus  

no v i s i t  
planned 

no contact ye t  

LITEBATURE SURVEY 

I n  the  course of t he  literature survey we have examined the work of 

Katz (Ref. 3 )  on eatimating a p a i r  of ordered p robab i l i t i e s  from two 

equal-sized samples BB a possible basis f o r  an a l t e r n a t i v e  procedure t o  

t h e  method of reversals. Although t h e  extension t o  unequal sample s i z e s  

would not be difficult ,  t he  extension t o  three  or more ordered probabili- 

ties would be so much more complex than t h e  (maximum l ikel ihood)  method 

of reversa ls  that w e  do not  now plan t o  inves t iga t e  the  technique any 

fur ther .  

A paper by Chernoff (Ref. 4)  was found t o  contain results which w e  re- 

ported in the  last monthly le t ter  as o r ig ina l ;  however, our method of 

der iva t ion  was d i f f e ren t  (see below, The Safety Problem) . 

R-5 523-2 5 
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ANALYSIS OF SENSITIVITY DATA 

THE WINIMUPl OVERLAPPING SIBSET 

The computation of the minimum overlapping subset (NOS) of a set of 

s e n s i t i v i t y  data (see R e f .  2 ,  pp. 13-15) has been programmed ( i n  FORTRAN) 

f o r  d i g i t a l  computation as  an independent prograxn and a l s o  as a sub- 

routine. Approximate estimates of the mean and standard deviat ion of 

the  c r i t i c a l  l e v e l  density provided by the EOS have a l so  been programmed. 

These approximations continue t o  perform w e l l  r e l a t i v e  t o  the  exact 

~ X ~ E U E  l i k e l f i ~ c d  sstmtsrs ~ h l c h  are fai 310~8 Itibtriam t o  compute. 

LOCATION PARDETERS 

Suppose t h a t  w e  have severa l  different explosives o r  batches of the same 

explosive supplied a t  d i f f e ren t  times, and w e  wish t o  rank them according 

t o  s e n s i t i v i t y  after co l lec t ing  data on each. 

applied stresses do not correspond t o  the r e a l  stress va r i ab le  in ac tua l  

use, or i f  t he  explosive samples do not correspond t o  the ac tua l  charges 

t o  be used, then we w i l l  not be able t o  rank the  explosives s t r i c t l y  

according t o  safety.  However, i n  some cases it may be s u f f i c i e n t  t o  

perform a ranking which i s  independent of stress density.  

t o  t h i s  problem is t o  k g i n e  that the response funct ions f o r  the dif-  

f e r en t  explosives are ident ica l  except f o r  locat ion.  

parameters f o r  a l l  o f  the d i f f e ren t  explosives would be estimated simul- 

taneously and the  estimates used t o  establish a s e n s i t i v i t y  s c a l e  (as 

Suggested in R e f .  2, p. 3 ,  c l a s s i f i c a t i o n  3). 

If the  experimentally 

One so lu t ion  

Then the loca t ion  

R-5523-2 6 
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One (parametric) approach to this problem would be to assume that the 

response functions are n o m 1  cumulative distribution functions (cdf ' 9 )  

with a common standard deviation. Maximum likelihood estimates of the 

common standard deviation and the different means would then be computed 

through a Newton-Raphson iterative procedure, using a modification of 

the mininum overlspping subset technique t o  provide first guess of the 

estimates. These computations will be programmed in the next quarter; 

no particular difficulty is expected. 

A non-parametric a p p ~ ~ ~ c h  roulO be to a3sUme that t'ne response functions 

are non-decreasing and identical except for location, but are otherwise 

unspecified. In this case (which we denote by Ho, the null hypothesis) 

the problem of maxinurn likelihood estimation is complicated by two 

situations illustrated in the following canonical pathology: 

Set Number Response Fraction 
a t x = O  

Response Fraction 
a t x = 1  

Let rji denote the location parameter for the ith population, and set 

= 0. Let L12 denote the joint likelihood of the first two sets of 61 
data. Then 

R-5 523-2 7 



ROCYETDYNE A D I V I S I O N  O F  N O R T H  A M E R I C A N  A V I A T I O N ,  I N C  

Thus the likelihood 

and in this example 

4/27 for c o 
L~~ = 1/16 for 62 = o 

( 4/27 for 62 > 0 
i 

function is not unimodal in the location parameters, 

isn't even uniquely maximized. 

.. 
Furthermore, if we choose 62 < 0, where denotes a maximum likelihood 

estimate of 6 based on all of the data, then we would find 8 < i 2 C  0, 
whereas, if we deleted set nunber 2, we should have 

choose i2 > 0, then we would find 6 > g2 > 0, whereas, if we deleted 

set nunber 2, we would have 6 < 0. Thus, relative location estimates 

are functions of all the data, and not just the two sets in question. 

4 

a^, > 0. And if we 
4 

3 
L, 

3 

One iterative technique for obtaining maximum likelihood estimates in 

Ruch problems that was considered used as initial guesses f o r  the location 

parameters the centers of the open interval solutions to the 50$ inverse 

response problem given by the method of reverssls applied independently 

to each set of data. We have now found that this is unsatisfactory and 

have replaced it by first guesses supplied by the miniam overlapping 

subset algorithm. These.were applied to seventeen sets of percussion 

primer data supplied by Balliatic Research Labs, Aberdeen Proving Grounds. 

A prelisinary analysis of the data indicated that it would ap?ear reason- 

able to accept the null hypothesis, Hop if a logarithmic transformation 

R-5 52 3-2 8 
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was applied to the stress variable. Subsequently, trie transformed data 

was analyzed by a simple program which has been vritten to search for a 

local maximum of the joint sanple likelihood function. 

this program for the BRL data is summarized below. 

location parameter" vdues are subtracted from the "log (stress)" values, 

the resulting data for the seventeen batches do indeed appear to come 

from the same population. Unfortunately, there ie still no guarantee 

that this local solution is actually a global optimum. 

hand, this particular example is unusually complex because of the num- 

ber of batches of data; the program would be more trustworthy for 

smaller problem, since in this case the local 

likely to provide a global ~~OlutiOn. 

The output of 

If the "estimhted 

On the other 

optimization is more 

In order to tegt Bo againat H1, the alternative hypothesis that the 

response functions are non-decreasing but otherwise unrelated, it was 

decided to use a x2 test. Unfortunately, it is not obvious what to 

use for the "degrees of freedom" parameter because estimation by the 

method of reversals does not clearly correspond to a particular integer 

number of degrees of freedom (compared to the two degrees of freedom, 

f o r  example, which are "lost" when performing straight-line regression) . 
Further work on this problem is necessary. 

R-5 523-2 9 
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AN ALGORITHM FOR CObPUTING FSINUM LIKELIHOOD 
ESTIMATES IM MJLTIVARIATE SENSITIVITY EXPERIVENTS 

The method of reversals (Ref. 5) provides an algorithm for the computa- 

tion of maximum likelihood estimates for univariate sensitivity experi- 

ments in which the probability of response is assumed monotone non- 

decreasing with increasing stress. 

developed in this quarter for obtaining analogous maximum likelihood 

estimtes in multivariate sensitivity experiments when a monotonicity 

hypothesis (naturally generalized from the univariate case) of the form 

[xi syi, i = i, ..., icj =$ Lri\xl, ..., %/ s (yl, ..., yk)] 

A more complex algorithm has been 

i r../_ \ 

is assumed (see Ref . 2 pp. 11-13). denote8 the 

response probability for the values xl, ..., 5 of the k stimulus 

variables. 

Bere M(xl, . . . , %) 

In univariate experiments the natural ordering of the stimulus variable 

permits inplementation of the one-dimensional version of the above 

monotonicity hypothesis and this leads to a (trivial) unique ordering of 

the responees recorded at the various stimuli. 

however, only a parkial ordering of the stimuli is available. 

ample, let (x 1' Y1) b*# Y2 ) be two distinct stimulus-level com- 

In the multivariate case, 

For ex- 

binations for the stimuii x and y. If x C x2 r Y 1 ? = Y 2  or x 1 5 x  2' 1 
y1 <y2' the order bl, 3r1), (x2, y2 ) of increasing stimulus is the 

"natural" one to use in evaluating the responses at these combinations. 

R-5523-2 12 
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If, on the other hand, neither of these inequalities holds, then no such 

natural ordering can be established. 

The new algorithm developed makes use of the natural order together with 

the observed fraction responses to obtain a complete ordering of the 

response probabilities. When the method of reversals is applied t o  the 

results of this procedure, maximum likelihood estimates of the response 

probabilities are obtained. 

The procedure can be described as follows (for simplicity of notation 

we use the two variable case): 

Consider two points (xl, y,) and (x2, y,) which are not in natural 

2' order; suppose the observed proFortions of responses are r and r 

respectively'at these two points. If there are no constraints on the 
1 

estimates then the maximum likelihood estimates of the probabilities at, 

the two points are fi(xl, y,) = r1 and fi(x2, y,) = r2, respectively. 

The points (xl, y,) and (x,, y,) are then ordered in terms of in- 

creasing probability estimates; e.g., the ordering would be (xl, y,) , 
(x2, y,) if r1 s r2* This ordering procedure will be referred to as 

a minimum ascent order. 

Consider now a sensitivity experiment with k stimulus variables. The 

following definitions are useful in expressing the conditions for a 

m i n i m u m  ascent ordering. 

R-55 23-2 13 
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(1) , . * . I  “k 1 =d 1) Natuyal precedence, If R (1) = (xl (1) , p x(l) 

i2), This will be indicated by 

(2) R(2) = (xl (2) 9 $2) 2 , ..., % ) are two stimulus-level combinations, and 

(’)s x ( ~ )  (i = 1, 2, ..., k) and for one of these indices j, if xi 

x(’) <  IS'^), then R 
i 

will be said to have natural precedence over 3 
c c R (2) . 

2) Complete sot. Consider a set S of stimulus level combinations. 

Let R 

satisfying R(1) < < B(2) < < R (3) 

and R ( 3 )  be any two elements of S. If for any R (2) 

it follows that R(2)CS, then we 

W i l l  SSY that s iS a CDZlp16ts Set. 

3)  IndeDendence. If SI and S2 are complete sets and no element of 

one has natural precedence over any element of the other, then 

S2 will be called independent. 
SI and 

4) Aseociated txobabi1it.v. Suppose the set S = {R (i) li = 1, 2, ..., k] 
is complete. If in II testa at R (i) , fi failure6 are observed, then i 
with S we will associate the probability estimate, Ss, given by 

f +f +...,+ fk 
’3 = n +n +.,,,+n 

1 2  
1 2  k 

In terms of these definitions a minimum ament ordering may be defined 

precisely by the following two conditions: 

A) If R(’) < e R ( 2 ) t  then R 

ascent ordering. 

is given by 

will precede R(2)  

It follows directly that if a minimum ascent ordering 

in a minimum 

R-5 5 2 3-2 14 
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then f o r  any j 2 1  and j + 4 s k,  the  subset 

S = (R (i) l i  = j, j + 1, ..., j + 1 )  is  a complete set. 

B) If (1) is a minimum ascent ordering, and f o r  any m (0 < m < A) 

( i )  the sets S1 = (R li = j, j + 1, ..., j + m )  and 

S2 = (R (i) li = j + m + 1, ..., j + 4)  are independent, then the  

9 P  
s2 

associated p robab i l i t i e s  s a t i s f y  the r e l a t i o n  

h e u r i s t i c  de f in i t i on  of a minimum ascent ordering given earlier. 

I n  order t o  obtain maxinun likelihood estimates under monotonicity i n  

the  mult ivar ia te  case w e  w r i t e  the  observed individual  response funct ions 

i n  an order t h a t  satisfied the conditions A and B above, then f ind  a 

maximum l ikel ihood p a r t i t i o n  by the method of reversals as derived i n  

Ref. 5, and then f ind  a "beat" minimum ascent ordering. 

I n  t h i s  connection w e  have yroven the  following two theorems ( t h e  proofs 

are given i n  Ref .  6). 

Theorem 1. 

with the  na tura l  order. 

which containa a t  l e a s t  one minimum ascent ordering whose maximum 

Consider the c lass ,  C,  of a l l  orderings which are consis tent  

In  t h i s  class there  is  a subclass of orderings 

R-5 5 23-2 15 
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l ikel ihood p a r t i t i o n  r e s u l t s  i n  maximum l ikel ihood estimates r e l a t i v e  t o  

a l l  orderings i n  C. 

Theorem 2. 

l ikel ihood par t i t ion .  

A l l  minimum ascent orderings r e s u l t  i n  the same maximum 

Although there  is not a unique minimum ascent ordering, we see by 

Theorem 2 t h a t  a l l  of them have the same maximum l ikel ihood p a r t i t i o n  and 

therefore  r e s u l t  i n  the same response-fraction estimates. 

ye have that f o r  one mininmn ascent ordering i ts  maximum l ikel ihood 

p a r t i t i o n  gives maximum likelihood estimates under the  required cons t ra in ts ,  

and thus any m i n i m u m  ascent ordering does. 

From Theorem 1, 

I n  order t o  ac tua l ly  generate a minimum ascent ordering t h e  stimulus 

l e v e l s  can be wr i t ten  i n  an order i n  which condition (A) is satisfied, 

(The simplest  is t o  order i n  terms of one stimulus at n t i m e . )  

independent sets are reordered unt i l  (B) is  satisfied.  

can be best i l lus t ra ted  by an example. 

Then, 

This procedure 

Suppose s e n a i t i v i t y  tests are conducted a t  s ix t een  poin ts  arranged i n  a 

4 x 4 g r i d  with t h e  proportions of response a t  these poin ts  as follows: 

R-5 5 23-2 16 
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j = 4  

j = 3  

j = 2  

j = l  1/8 1/6 

i=3 i=4 . - 
By appealing t o  na tu ra l  precedence w e  may der ive t h e  following t r i a l  

ordering of the points  Rij. 

where the  v e r t i c a l  l i n e s  indicate  breaks in t h e  na tura l  order. For con- 

venience the  data are given i n  parenthesis  after each point. Consider 

t he  p a i r  of independent complete sets = fR13, 5 4 1  and 

S2 = {a,,, The associated probabi l i ty  es t imates  are 

ssl= 2/7 a d  ps = 116. The order of these sets should therefore  be 

reversed s ince  the  former estimate is t he  la rger .  
2 

Similar ly ,  t h e  follow- 

ing  p a i r s  of sets should be reversed: R24) and 32], 
{$,, 54} and [R 1. The overal l  order now has become 41 

R-552 3-2 17 
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can now partition our minimum ascent order as followsi 

R1l R12 R21 '22 $1 5 2  '41 5 3  '14 '23 5 3  R42 R43 I 
2 X 

1 X 

R24 1 5 4  '44' 
=3 x4 

R-5523-2 18 
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The p robab i l i t y  estimates which 

7 6 1 
px,= 40 px9= 24 *x7= 7 

A L 

and our maximum l ike l ihood 

I-/4 

113 

arise from t h i s  partition are 

2 P - -  
x4- 5 

p a r t i t i o n  d iv ides  t h e  responses a8 follows: 

I 113 I 1/2 113 
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SIMULATION OF SENSITIVITY EXPERIMENTS 

The FORTRAN program f o r  simulating sensit ivity experiments (Ref. 2, 

pp. 20-21) has been checked out, and sample outputs have been forwarded 

t o  the contract monitor f o r  comment. The cases run are for  the Bruceton 

up-and-dm design, w i t h  samples up t o  size 1024, when the response 

function is a normal cdf with parameters p and 0, the i n i t i a l  t e s t  

is at  p and the test level  increment is .6745 u. One of the printed 

outputs is reproduced below (CRT output is a l so  available). 

A t  a conference with the contract monitor several suggestions were made 

for inproving the c-uter program, such as printing out the theoretical 

value of the covariance matrix of the estimates, when it is known. 

program is now being modified t o  incorporate th i s  and other suggestions. 

The 

R-5 5 23-2 20 
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In many sensit ivity experiments, primary interest  centers about the 

safety of a m a t e r m  or  process, which may be defined as the probability 

that  the system will sunrive a certain range of stresses involved in 

shipping, storage, e tc  . If g(x) denotes the density of maximum 

stresses encountered by individual systems, and i f  M(x) denotes the 

response function, which is the probability of response as a function 

of stress, then the safety may be defined f0rmaJJ.y by 
00 

s '1 - 1' g(x>M(x)b 
a 

During the past quarter we have examined the case when M(x) 

nomml cdf with parameters p and (J and where g(x) can be repre- 

sented by Ae-- 

integrating by parts, we have 

is the 

i n  the range of interest  (e .g., x > pi-4u). Then, 

m 

a 

2 2  OD 2 . -(x-p+B02) / 2 U 2  e -@+B 0 /2 dx i&b J e 

R-5523-2 22 
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I f  the sole purpose of the sensit ivity experiment is  t o  determine the 

safety of the system, then only the f’unction 

estlmsted, and not the individual parameters. 

estimate of f is given approximately by VQ,, , where V = (af/ap, 

af/bu), 

individual parameters, and V denotes the transpose of the vector V. 

since af/ap = 1 and br/bo -BU = K, a test  design which is optimal 

fo r  the above problem, in the sense of minimizing the variance of the 

estimate of f, w i l l  be asymptotic t o  that  design which is optimal for  

estimating p+KU. 

problem. 

2 
f = p-Bo /Z need be 

Now the variance of the 

T 

Q denotes the covariance matrix of the estimates of the 
T 

This is a parametric version of the inverse response 

An asylqptotically optimal design for  estimating p+Ko was first found 

by Chernoff (Ref. 4) and has now been derived independently by us. 

Briefly, the solution is divided in to  two cases:  

In t h i s  case N( .5 + .787518/K) of the (N) tests should be a t  

p + 1.575036Ou, and N( .5 - .787518/K) of the tests should be at  

p - 1.57503600. 

1.64368C?/@, coanpared to (2.5 + 3.28)2/N fo r  the -lie design 

The variance of the estimate is asymptotic t o  

(Ref 7) and t o  (2 .O + 3 . 8 8 )  G2/N fo r  the Bruceton design w i t h  test 

%e factor 
-bottom of p.  9, R e f .  4. 

 IT n)=l is incorrectly included in the equations at  the 
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Rk ROCYETDYNE A D I V I S I O N  O F  N O R T H  A M E R I C A N  A V I A T I O N ,  I N C  

level  increment equal t o  the standard deviation (Ref. 8). 

All of the t e s t s  should be a t  p+Ka. Even a t  K = 0, where the two 

cammonly used alternatives perform relatively well, the varience of the 

estimate for  the asymptotically optimal design is asymptotic t o  

(n/Z)$/N, 

for  the Bruceton design when the t e s t  level increment is 

relatively favorable choice of spacing. 

whereas it is 2 . 5 2 / N  f o r  the Langlie design and 1 .85a2/N 

.670, a 

Thus, i n  both cases it has been ccmcluded that the Bruceton and Lane;lie 

designs are sinply too inefficient t o  be recanmended without reservation 

f c r  the inverse response problem, although they may s t i l l  turn out t o  

be useful for very smal l  samples. 

Actually, the design recanmended above cannot be exactly followed since 

p and (J are  not known and hence the recommended t e s t  level(s) is 

not known exactly. But since the present solution is only asymptoti- 

cally efficient, t h i s  pruperty is preserved i f  the above recamendation 

is implemented with designs which merely converge t o  the optimum t e s t  

level( s) with probability one. This problem is more complex when, as 

in the safety problem being considered, 

p and/or a, but we do not anticipate much diff icul ty  in finding some 

K itself is  a M c t i o n  of 
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sor t  of convergent procedure. 

A memo on these results wiY be published shortly. 

ccmrpare the three designs discussed above for  the small sample case by 

means of the sjmuLation program described ear l ie r .  

It is planned t o  
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